We present a calculation of the loop-induced processes gg → HH and gg → HHH, and investigate the observability of multi-Higgs boson production at the CERN Large Hadron Collider (LHC) in the Standard Model (SM) and beyond. While the SM cross sections are too small to allow observation at the LHC, we demonstrate that physics beyond the SM can lead to amplified, observable cross sections. Furthermore, the applicability of the heavy top quark approximation in two-and three-Higgs boson production is investigated. We conclude that multi-Higgs boson production at the SuperLHC is an interesting probe of Higgs sectors beyond the SM and warrants further study.
Introduction 3 Calculation
From a computational point of view loop amplitudes with five or more external legs are challenging due to their combinatorial complexity. We only sketch here our method, which leads to a numerically stable algebraic representation of the amplitude. More details can be found in [37] [38] [39] [40] [41] [42] .
Structure of the amplitude
The production processes pp → hh and pp → hhh proceed at the parton level via gluon fusion in combination with a quark loop. Here h stands for the Higgs boson of the SM or the light CP-even Higgs boson of the MSSM. Squarks in the loop have been neglected. Their contributions vanish for large squark masses, due to their decoupling property. In the SM, only the top quark loop leads to a non-negligible cross section at the LHC. For triple Higgs boson production,
with p i defining the 4-momenta and λ 1,2 specifying the gluon helicities, the Feynman diagrams are classified in Fig. 1 . On the diagrammatic level 3-, 4-and 5-point topologies can be distinguished.
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Figure 1: Illustration of different topologies to the process gg → hhh.
Each topology involves a different combination of coupling constants. Here, we only discuss the structure of the SM amplitude. In 2HDMs one has additional tree structures from the heavy Higgs boson H attached to the quark loop. The pentagon topology P contains no Higgs self coupling. The box topologies B are proportional to λ 3 , whereas the triangle topologies T 1 and T 2 are proportional to λ 4 and λ 2 3 , respectively. Subsequently, the amplitude can be expressed as
M µν = λ 
The scattering tensor M µν can be decomposed in terms of metric tensors and external momenta and, using momentum conservation, be expressed as
By solving the Ward identities M ε1p2 = 0, M p1ε2 = 0, or equivalently using axial gauge conditions (e.g. ε 1 · p 2 , ε 2 · p 1 ), one can achieve a manifestly gauge invariant representation of the amplitude. Introducing the Abelian part of the gluon field strength tensor
The amplitude coefficients A, B jl are equal toÂ,B jl , up to trivial factors. Bose symmetry of the gluons and Higgs bosons leads to additional relations between them. After determining all amplitude coefficients, verifying the Ward identities and Bose symmetry served as a powerful check of our calculation. It is useful to decompose the amplitude further into helicity components. Due to parity invariance only two helicity amplitudes have to be known:
Applying spinor helicity methods [43, 44] , the polarisation vectors for ± helicities are given by 
Contrary to the ++ case, it is not possible to factor out a global spinorial phase in the +− case without introducing denominators that in general aggravate numerical problems.
Evaluation of the amplitude coefficients
Our goal was the analytical reduction of all diagrams, to allow for algebraic cancellations of numerically dangerous denominators in the amplitude. These denominators are so-called Gram determinants which are induced by reduction algorithms of Lorentz tensor integrals. After generating all diagrams, using the QGRAF [45] program, we used FORM 3.1 [46] to perform the gamma matrix algebra and to project the diagrams on the helicity components and amplitude coefficients. Further, by applying the reduction algorithms for scalar and tensor integrals described in [40, 41] , we expressed all amplitude coefficients as a linear combination of scalar integrals. As scalar integral basis we chose 2-, 3-and 4-point functions (s ij = (p i + p j ) 2 ):
, which were evaluated using LoopTools-2.2 [47] . The spurious UV pole of the 2-point integral cancels when adding all diagrams. The full amplitude is composed out of 12, 24 and 31 different 2-, 3-, and 4-point functions. The complexity of the expressions is induced by the number of independent scales, which is seven here. 
In this way, we could achieve expressions with a simple denominator structure allowing for a stable numerical evaluation. In the equal helicity case, λ 1 = λ 2 , all Gram determinants cancel. In the opposite helicity case, λ 1 = −λ 2 , one Gram determinant survives. The simplified expressions were then exported to Fortran code. Each of these steps was completely automatized.
Numerical implementation
In order to compute numerical results for hadron colliders, the differential partonic cross section has to be convoluted with parton distribution functions (PDFs) and integrated over the 2 → 3-particle phase space. We employed the gluon density of the MRST2002nlo PDF set [48] , as implemented in LHAPDF [49] , which also provides the strong coupling constant as function of the renormalisation scale. In the MSSM case, where the heavy CP-even Higgs boson H can be resonant, we used multichannel Monte Carlo (MC) integration techniques [50, 51] with phase space mappings based on [52, 53] and the adaptive MC integration package BASES [54] . The relevant quartic Higgs couplings were implemented in the program HDECAY [35] , which incorporates the routine FeynHiggsFast [55] , in order to evaluate the radiatively corrected Yukawa-and Higgs couplings and also the Higgs widths, as discussed above.
Results
In this section we present and discuss the LHC cross sections for 2-and 3-Higgs boson production. We use the following parameters throughout:
For 2-Higgs (3-Higgs) boson production, the factorisation scale µ F and renormalisation scale µ R were set to µ F = µ R = 2m H (3m H ). The strong coupling constant α s was taken at µ R , but for the fine structure constant we used α(0). All results have been calculated with a MC error of 0.5% or less.
In the following subsections we present SM cross sections for 2-and 3-Higgs boson production and describe how BSM scenarios allow for observable enhancements of the SM rates.
Multi-Higgs boson production in the SM
We begin with the gluon-fusion production cross section for 2 and 3 Higgs bosons. Note that in both cases large next-to-leading order corrections are expected, leading to K-factors as large as 2 like in the case of single Higgs boson production [56, 57] , since the infrared structure of these processes is identical (with a large contribution from soft gluon effects).
In Fig. 2 , we display the Higgs pair production cross section vs. m H at √ s = 14 TeV. Our results show good agreement with [21] when PDF, scale and parameter uncertainties are taken into account. The total cross section falls from about 30 to 6 fb in the Higgs mass range from 100 to 200 GeV. In addition to the total cross section, the equal + + / − − and opposite + − / − + helicity components of the cross section are also shown. The triangle topologies only allow for a L = S = 0 interaction, i.e. the + − / − + helicity component is zero. Overall, the opposite helicity component is more than an order of magnitude suppressed. Furthermore, a destructive interference effect is visible between the box and triangle topologies.
In Fig. 3 , the total cross section for triple Higgs boson production at the LHC is plotted vs. m H . Our results agree with the recent calculation of [24] within MC errors. Again one finds that the opposite helicity components of the cross section are more than an order of magnitude suppressed. In the figure, the pentagon, box, and triangle contributions are also shown separately. The latter, being proportional to λ 2 3 and λ 4 , are suppressed relative to the box and pentagon topologies. Due to interference effects the contribution of the quartic Higgs self coupling to the total cross section is not negligible: it varies between +1% (m H = 100 GeV) and -57.5% (m H = 200 GeV). As the self couplings increase with increasing Higgs mass, the box and triangle topologies become more and more important relative to the pentagon contribution.
In Table 1 we give predictions for different values of the Higgs mass for the LHC and a 200 TeV Very Large Hadron Collider (VLHC). We also note that a change in the top mass best fit value from m t = 178 GeV to 172.5 GeV leads to a 15% decrease of the cross section. Furthermore, the gluon fusion cross section is proportional to α 2 s and thus very sensitive to renormalisation scale variations, as exemplified in Fig. 4 for µ = µ R = µ F . Here, the scale µ is varied around the central choice µ 0 = 2 m H and µ 0 = 3 m H for 2-and 3-Higgs boson production, respectively, by a factor µ/µ 0 ∈ [1 /3, 3] . From this we estimate a scale uncertainty of about 50%. Thus, large K-factors due to higher order effects can be expected. In Table 2 we study the scale dependence of the cross section for 3-Higgs boson production by varying the renormalisation and factorisation scales independently for m H = 120 GeV. Note that the gluon luminosity decreases with increasing scale µ F , because in 3-Higgs boson production the momentum of the gluons has to be relatively high. Hence, the cross section shrinks with increasing µ F and µ R . The table demonstrates that varying µ R and µ F in the same direction yields a conservative estimate of the scale uncertainty.
Many years ago multi-Higgs boson production via gluon-fusion was studied in [58] in the heavy Table 2 : Renormalisation and factorisation scale dependence of the gg → HHH cross section for m H = 120 GeV at the LHC.
top limit. For single Higgs boson production via gluon fusion this limit is well known to be a good approximation [59] . In the context of multi-Higgs boson production, the heavy top limit has been applied at the leading [58] and next-to-leading level [60] . In [16] , the quality of the heavy top approximation has been studied for Higgs pair production, and agreement at the O(10%)-level for the total cross section, but large discrepancies for kinematic distributions have been observed when comparing results for m t → ∞ and physical m t . In Fig. 5 we compare our physical-m t results with results in the heavy top limit. While there is reasonable agreement in the 2-Higgs case for small Higgs masses, the heavy top limit fails completely in the 3-Higgs case. To better understand this observation, we study the variation of the cross sections with the internal quark mass m q for a fixed value of m H = 120 GeV in Fig. 6 . We see that in the 2-Higgs case the heavy top limit accidentally agrees with the result for m q = m t (indicated by the vertical line). However, asymptotically the result for finite m q approaches the m q → ∞ limit only for masses around 3 TeV. The same holds for the 3-Higgs case, but here the result for m q = m t is an order of magnitude smaller than the heavy top limit. In both cases the dominant contribution to the cross section comes from the kinematic regime close to the top pair threshold s ij ∼ 4m 
Multi-Higgs boson production beyond the SM
If one allows for higher dimensional operators in the Higgs sector the trilinear and quartic Higgs self couplings are no longer directly related to the Higgs mass. This has motivated us to study the variation of the cross section with respect to λ 3 , λ 4 and m H . In Fig. 7 we illustrate the variation of the cross section for 3-Higgs boson production with λ 3 and λ 4 (m H is fixed), and in Fig. 8 the variation with λ 3 and m H (λ 4 is fixed).
The variation of the cross section with λ 3 , λ 4 and m H is mainly due to phase space and interference effects. When m H increases, the phase space is reduced and the PDF and α s are to be taken at a higher value of x and a larger scale. All effects conspire and lead to a smaller cross section. The dependence on λ 3 is mainly due to the interference pattern. In Fig. 9 a slice of the contour plot Fig. 8 is shown for m H = 160 GeV. When the trilinear coupling λ 3 becomes negative, the destructive interference between box and pentagon topologies turns into a constructive one, which explains the rise of the cross section in this regime. Increasing the coupling to positive values beyond the SM value first enhances the destructive interference effect, but finally the box topologies win and the full cross section grows again. The minimum moves to lower values of λ 3 when the Higgs mass gets larger, due to the growth of the Higgs self-couplings. We note that the same effect happens in the 2-Higgs case. It implies that even a precise measurement of the cross section alone would not lead to a unique determination of the trilinear coupling. This reasoning allows now to understand the variation of the cross section with λ 4 in Fig. 7 . For negative values of λ 3 the box and pentagon topologies interfere constructively and the relative importance of the triangle contribution proportional to λ 4 , λ in the range -3 to 3 the cross section varies from 0.03 to 0.1 fb.
In principle the Higgs self couplings are restricted only by unitarity bounds. To illustrate the effects of large couplings that approach the non-perturbative regime, we list in Table 3 cross sections for values |λ 3 /v|, |λ 4 | ∼ 4π. We see that non-perturbative effects in the Higgs sector may well lead to sizable triple Higgs cross sections of up to 30 fb at the LHC.
As already pointed out in Section 2, in 2HDMs one finds two amplification effects for multi-Higgs boson production. Both effects are illustrated in Fig. 10 for the MSSM. For small tan β = 3 the at the LHC, normalised to σ SM (m H = 120 GeV) = 0.0624 fb.
heavy CP even Higgs boson may become resonant in some of the topologies sketched in Fig. 1 . This is illustrated in Fig. 10a . With the given choice of parameters one sees that for m h > 109 GeV the H → hh channel opens up inducing a resonant amplification of the box and triangle topologies, B and T 2 . For m h > 111 GeV also the H → hhh channel opens up leading to an enhancement of the triangle topology T 1 proportional to the quartic coupling λ Hhhh . Since this triangle contribution is suppressed relative to the other topologies the effect is hardly visible in the plot (tiny peak next to the right vertical line). We see that in BSM scenarios resonant amplification may lead to triple Higgs production reaching a few fb (not taking into account the expected K-factor of 2), which would be observable at the SuperLHC or even at the LHC.
For large tan β = 50 the top contribution is largely suppressed and the bottom loops become dominant. As the pentagon contribution to the cross section is proportional to λ 6 hbb all other topologies are much less relevant. For m A → ∞, m h approaches its maximal value. In this limit one obtains the SM value for the cross section as shown in Fig. 10b . The minimum around m h ∼ 115 GeV arises due to the interplay of the Yukawa-and Higgs self coupling. Although the cross section rises for decreasing m h , it is always well below 1 fb in the range considered. Note that in the 2-Higgs boson production case the bottom loops are more pronounced than in the 3-Higgs case, because the In principle, also squark loops have to be considered to obtain a complete prediction for hhhproduction in the MSSM. In the heavy squark limit this contribution decouples and approaches zero in contrast to the quark contribution. For the present illustration of amplification effects we have neglected squark effects.
Summary
We presented our calculation of the loop-induced processes gg → HH and gg → HHH, and discussed the resulting cross sections and their experimental accessibility at the LHC in the SM and beyond. The contributions from pentagon, box and triangle topologies exhibit strong interference patterns and large differences in the equal and opposite gluon helicity components. Generally, the opposite helicity component, which corresponds to a gluon pair with helicity 2, is suppressed by more than an order of magnitude. Furthermore, the triangle topologies are suppressed relative to the box and pentagon topologies. This results in a complex dependence of the cross sections on the trilinear and quartic Higgs self couplings. The cross section for 3-Higgs boson production varies strongly with the quartic Higgs self coupling. For m H = 100 GeV and 200 GeV it affects the cross section by +1% and −57.5%, respectively. This effect is due to the fact that the Higgs self coupling contributions are enhanced for higher Higgs masses and that there is a strong destructive interference between box and pentagon contributions. The estimated renormalisation and factorisation scale uncertainty of about 50% (variation by a factor 3) is typical for leading-order QCD cross sections. We also investigated the applicability of the heavy top quark approximation for 2-and 3-Higgs boson production and demonstrated that the heavy top limit is not applicable when calculating multi-Higgs boson production cross sections. In summary, we find that the SM cross sections for 3-Higgs boson production are too small for observation at the LHC. The measurement of the SM trilinear Higgs self coupling in 2-Higgs boson production, on the other hand, may be feasible at a luminosity upgraded LHC, termed SuperLHC, collecting 6000 fb −1 of data, as long as QCD backgrounds are not prohibitively large [8, 61] .
The experimental prospects improve if favourable extensions of the SM are realized in nature. We have demonstrated that cross sections for triple Higgs boson production can be as large as O(10) fb if one allows for higher dimensional operators or considers 2-Higgs-doublet models, e.g. the MSSM. Here, two amplification effects have been analysed. First, we studied Yukawa coupling enhancements through mixing that lead to important bottom loop contributions. For the 3-Higgs case the cross section remains below 1 fb for the parameters considered and tan β = 50. Secondly, we demonstrated that resonance effects due to an internal heavy Higgs boson decaying into 2 or 3 light Higgs bosons can enhance the 3-Higgs cross section into the potentially observable O(fb) region. Higher dimensional operators lead to essentially unconstrained trilinear and quartic couplings. Strong coupling of the order |λ 3 /v|, |λ 4 | ∼ 4π leads to cross sections of up to 30 fb. This implies that already the LHC should be able to restrict the λ 3 -λ 4 plane. Although these bounds will not be very restrictive, they may still exclude parameter regions that exhibit non-perturbative effects, which would be an important qualitative finding. A more stringent bound on λ 3 alone will be obtained from Higgs pair production. We conclude that multi-Higgs boson production at the luminosity-upgraded LHC is an interesting probe of Higgs sectors beyond the SM and warrants further study. A 200 TeV VLHC would of course further improve the sensitivity.
